Lie derivatives
The equation

u,v]*=0

has a geometric description that can be stated this wag:
dragged along with the motion of a fluid having velocity fiefd
and for small\, A\Vv* behaves like an arrow embedded in the fluid,
always connecting the same two fluid elements. One can make
the description precise and extend the notion of Lie derivative

£V = [u,v]?

to arbitrary tensor fields.

The idea will be that a vector fiela' generates a family of
smooth maps of the spacetime to itself. Think of the figld
generating the fluid motion and of the maps—call them
Wr—moving any poinP a proper distance up the fluid
worldline throughP. The motion of the fluid is described by the
family of mapsy;. Undery,, each spacetime poifis mapped



to the place where the fluid elementfahas moved after the
proper timet.

More generally, under any family of smooth maps (diffeds),
of M into itself, the orbit of each poirR is a curvet — U (P).
The vector fieldu® tangent to the family of curves is said to
generatehe family of diffeos.

Let us now make the connection with Lie derivatives, making
precise the notion thaf' is Lie derived byu? ({u,v|® = 0) if the
curvec(A) to whichv® is tangent is dragged along by the fluid
motion. This can be stated in terms of the diffeos generated by
u. A curvec: R — M is mapped by a diffed to a new curve
WYCc=YocC

The vecton® tangent tac at P = ¢(0) is mapped by to the
vectorv® tangent tapc at (P)

A vector fieldv® is in this way mapped by to a vector fieldpv?
with qua\Lp(P) tangent tapc, wherec is any curve througlp with
tangentv?| . A vector fieldv® is Lie derived byu® if v = V4,



that is, ifv® at ) (P) is obtained from/(P) by the mapy,.
In terms of the components in a chapl/ is given by
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Finally
d
UV = — o, (2.81)

and we have shown that, v|* = 0 is simply the infinitesimal
version of;v* = Vv, the statement that is dragged along by
the diffeos generated hy'. Since|u,Vv|® = —|v,u|?,u® Lie-derives
v if and only if v@ Lie-derivesu®.



The Lie derivative can be extended to arbitrary tensor fields in
the following way. First extend the action of diffeos to tensors:

W(VPWP) = VAPwP gives PT P (2.82)

Pf = foPt: afunctionf onM aboutP gives a functionpf about(F
(2.83)

Wflye = fl, or Wil = fl-1p orgf =foy™.
Covectors:
Oaflp = Da (fod™)|yp (2.84)
so that the covector field,f is dragged byp to YL, f,
WOaf = Da(Wf) = Oa(foy™),
and, writing a general covector in the form

i
O, = OilLIaX,



we have

Yoz = oo Ha(X o) (2.85)
Components:
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The Lie derivative of a tensdr® ... 4 with respect to a vector
field u? is then defined by

d

E,TEP. 4= = BT (2.88)
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For a covector, for example,
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£,Oilp = drt
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— £,0, = Op,u° + uP,L0,

In general,
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Exercise: Obtain eq. (2.90) fof, algebraically from the

following axioms:
(1) £,f = uPO, f

(2) £UVa — UbDbVa — VbDbUa

(3) Leibnitz: £,(S*.T".) =S £~ + (ES".)T".



Note that£uT_a‘“bC...d IS Independent of connectian; in a chart it
Involves nol 'j’s:
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