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Lecture Outline/Learning Goals

General Definition of Moment (Scalar Formulation)
Cross Product

Moment of a Force: Vector Formulation

Principle of Moments

Moment of a Force about a Specified Axis



Moment of Force: General Case

Momient axi

Sm « Magnitude

1 M.,
R i M, = Fd

* disknown as the moment arm: again
/ . note that it is the perpendicular
e distance to the axis

e Sl unitsof moments. N-m
Direction

— Another “right hand rule”

— Curl fingers of right hand so that they follow sense of
rotation (if rotation were possible)

— Thumb then pointsin direction of moment (& with correct
sense)



Resultant Moment of System of Coplanar Forces

* If system of forces is
confined to xy plane, all

A, moments about point O in
" :; a that plane will be directed
-— along z axis
iy l o  Thus all moments are
" o collinear and can be added
F\ - algebraically

N+(M,), =X Fd

* Note: \, 1s a facsimile of the “counterclockwise curl” used in
the text and indicates the scalar sign convention: moments
directed in +z direction are positive, those directed in —z direction
are negative



* Example: Determine the
resultant moment of the four
forces acting on the rod
about point O.

e Scalar sign convention:
positive moments act in +z
direction (out of plane of
figure, counterclockwise)

40 N
8000, INC., Upgar Sasdie River. New Jersay Al ngns resorv

 Note: in order to deduce moment arms, often useful to extend
lines of action of forces (dotted lines)

N+(M,), =XFd
(M), =—-50N(2m)+60N(0) +20N(3sin 30 m)
—40N(4m + 3cos30 m)
=—334N'm=334N'm v (clockwise)



4.2 Cross Product

C=AXB  |norder to compute moments
4 for general 3D cases, need to
consider second type of vector
multiplication: cross product

» Cross product of two vectors
A and B is another vector C

 Notation

C=AxB



C__  Magnitude of C

C = ABsin 6 C=ABsngd (0 <6<180)

 Directionof C

A o=  Perpendicular to plane
containing A and B

« Given by yet another right
hand rule with fingers of right
hand rotating A into B

Thus can write
C=(ABsiné)u,

where u, isthe unit vector in the direction of C



Cross Product: Laws of Operation

NOT commutative!!

AxB#BxA S

| nstead
AxB=—-BxA

Multiplication by scalar
a(AxB)=(aA)xB=Ax(aB)=(AxB)a
Distributive law

Ax(B+D)=(AxB)+(AxD)



Cross Product: Cartesian Vector Formulation

» Consider cross product of unit vectors

| and j. Magnitude of cross product is | k—ix;
[ J = sin@ = (D)(@)sin(90) =1 ) \
By the right hand rule, direction is +k !

 Thus
Ix] =k

» Canrepeat thisfor al possible combinations '
using the three unit vectorsi, j and k to find: ™
Ix]=k 1Ixk=-] 1Ix1=0 :
L wa p

jxk =i jxi=—k jxj=0
kxi=j kxj=-i kxk=0



Can now work out cross product for general vectors A and B givenin
Cartesian form

AxB=(Al+A]+Ak)x(Bi+B,j+Bk)
=AB,(Ix1)+ + A B, (1 xk)
+ +AB,(Jx])+AB,(] xk)
+AB (kx1)+AB, (kx])+AB,(kxk)
=(AB,-AB)I-(AB,-AB)]+( )k
=(AB,-AB,)I - (AB, - AB)j+(AB, - AB)k

Can write thisin a more compact form as the determinant of a 3 x 3 matrix:

i j K
AxB=|A A A
B, B, B,



Review: Calculating Determinants

2 X 2 case

A A

A, A =AA, - AA,

Note “-” sign!!

!

For element i: %L M =i(A,B, — A.B,)

= —j(A,B, — A.B,)

3 X 3 case

For element j:

I ] Kk TR
AxB=|A Ay A o lementk W e
%

(A\, AZB) (AB,-AB,)I+(AB,-AB)K



Sample calculation of a cross product

A=—-i+5]+3k
B=10i —207 +5k

Compute AxB
k
3
10 20 5

= (25— (-60))i —(~5-30) j +(20-50)k
= 85 +35] —30k

Exercise: Show that

ENECN
X X
Egl Egl
o
Il Il
o O

Interpretation?



What do you get if you cross a mosquito
and a mountain climber?

No one knows. You can’t cross a vector
with a scalar.



4.3 Moment of a Force — Vector Formulation

Moment axis

1
"'u.,___’v'

Moment of force F about moment axis
passing through O and perpendicular to
plane containing O and F is given by

My=rxF

Note: r isaposition vector drawn from
O to any point lying on the line of action
of F



Moment of a Force: Magnitude & Direction

Moment axis e M agnitude: Treatr as a “Slidil’lg
vector” to move it to line of action of F
so that angle @ is determined properly

From definition of magnitude of cross
product, magnitude of moment is

My =rFsiné

 But this can be written as
(b)

My =F(rsné)=Fd

where d is the moment arm, which
agrees with our original definition

Direction: Again, apply right hand rule, rotating r (sliding r as needed so
that itstail intersects line of action of F) into F with fingers of right hand.
Thumb pointsin direction of moment, which is perpendicular to both r and
F (and thus to the plane that contains both r and F)



Cartesian Vector Formulation

Establishing aright-handed X, y, z coordinate system we have

1] K
Mo=rxkF=ir, 1, T,
F K, F

= (ryFZ — rZFy)i —(r.F,—-r,F )]+ (rXFy — ryFX) k
where

r.,r.,r . arethe components of aposition vector from

x1'y1iz

O to any point on the line of action of the force

F..F, . F,: aethecomponents of theforce

x1yrt oz

Use of above expression is recommended practice when working with
general 3D forces and position vectors



Principle of Transmissibility

« |nequation for moment about O dueto
forceF

M,=rxF

position vector r can join O and any
point on the line of action of F

e Thus,

My=r,xF=rgxF=r_.xF etc.

« Therefore, when being used to compute a moment, aforce can be treated
as adiding vector and can be relocated so that itstail is at an arbitrary
point on its line of action

« Thisisknown asthe principle of transmissibility and will be used in our
future discussion of equivalent systems



Resultant Moment of System of Forces

* When more than one force actson a
body, resultant moment of the forces
about apoint O isdetermined by a
vector sum of the individual moments
about O dueto the individual forces,
.e.

(MR)O:Z(er)

« S0 inthe example pictured above, we have
(MR)O =r xF +r,xF, +r,xF;

* Notethat in this general case the resultant moment will not necessarily be
perpendicular to any of the forces or position vectors!



4.4 Principle of Moments

« Principle of Moments: Moment of aforce about a
point is equal to the (vector) sum of the moments of
the force’s components about the point

« Proof isadirect consequence of the distributive
property of the cross product. Considering the
figure, for example, we have

My=rxF=rx(F+F)=rxF+rxF,=M_,+M,,

Text notes that can often use this principle to make cal culations of moments
easier, especially when all of the forces and position vectorsliein a plane,
and 1t 1s worth studying the text’s worked examples to see this, as well as to
try afew problems

However, as was the case for force equilibria, we will be focusing attention
on three-dimensional problems, where the Cartesian vector approach is
almost always most straightforward



